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Multi-Vib: Precise Multi-point Vibration Monitoring Using mmWave
Radar
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Vibration measurement is vital for fault diagnosis of structures (e.g., machines and civil structures). Different structure
components undergo distinct vibration patterns, which jointly determine the structure’s health condition, thus demanding
simultaneous multi-point vibration monitoring. Existing solutions deploy multiple accelerometers along with their power
supplies or laser vibrometers on the monitored object to measure multi-point vibration, which is inconvenient and costly.
Cameras provide a less expensive solution while heavily relying on good lighting conditions. To overcome these limitations,
we propose a cost-effective and passive system, called Multi-Vib, for precise multi-point vibration monitoring. Multi-Vib is
implemented using a single mmWave radar to remotely and separately sense the vibration displacement of multiple points
via signal reflection. However, simultaneously detecting and monitoring multiple points on a single object is a daunting task.
This is because most radar signals are scattered away from vibration points due to their tilted locations and shapes by nature,
causing an extremely weak reflected signal to the radar. To solve this issue, we dedicatedly design a physical marker placed on
the target point, which can force the direction of the reflected signal towards the radar and significantly increase the reflected
signal strength. Another practical issue is that the reflected signal from each point endures interferences and noises from the
surroundings. Thus, we develop a series of effective signal processing methods to denoise the signal for accurate vibration
frequency and displacement estimation. Extensive experimental results show that the average errors in multi-point vibration
frequency and displacement estimation are around 0.16𝐻𝑧 and 14𝑢𝑚, respectively.
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1 INTRODUCTION
Monitoring health conditions for structures, such as machines and civil structures, is pivotal for fault diagnosis,
which ensures personal safety and reduces economic loss. Structure collapses have incurred hundreds of thousands
of accidents and fatalities every year [7]. Maintenance of machine failure can cost up to 40% of the total production
cost in plants [31]. Vibration is a critical indicator and one of the primary inducements of structural anomalies.
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Fig. 1. Spectral patterns of 3 points on the
machine in Fig. 2(a): (a) left motor point,
(b) right motor point, (c) wind box point

mmWave
radar

~$200 *3 ~$5*3

~$300 ~$300
(a) accelerometers and data acquisition

devices for vibration monitoring
(b) mmWave radar and point markers

for vibration monitoring

accelerometer

acquisition
devices

target point point marker
(cube trihedral reflector)

~~~
~~~

wind box
motor

retro-reflection

scatter
reflect
away

Fig. 2. Comparison of accelerometer-based and mmWave-based multi-point
vibration monitoring: (a) accelerometer-based is costly (USD ∼ 900) and
inconvenient, (b) mmWave-based is cost-effective (USD ∼ 315) and passive.

Research in recent decades has revealed that vibration measurement greatly contributes to the early diagnosis of
the damage and impairments in buildings, bridges, and machines [15, 22].

In practice, vibration monitoring is usually carried out at multiple points on the structure since different parts
of the structure endure different types of damage and exhibit distinct vibration reactions in terms of vibration
frequency and displacement. For example, as shown in Fig. 1, the vibration measured by accelerometers for three
points on the blower machine in Fig. 2(a) exhibits different frequency-domain patterns. In a nutshell, the vibration
frequency helps infer the type of impairment, and the vibration displacement further indicates how severe the
impairment is [25]. For example, the low-frequency and high-amplitude vibration of the wind box in Fig. 1(c) may
imply a loose bolt problem in the wind box, while the random and subtle noises residing in the high-frequency
band of Fig. 1(a-b) manifest a healthy condition of the motor. Thus, simultaneous vibration measurements at
multiple points are essential for precise and holistic fault diagnosis for structures [3, 17].

Existing vibrationmonitoring solutions can bemainly divided into the following three categories: accelerometer-
based, light-based, and radio frequency (RF)-based approaches. Although achieving high accuracy, multiple
accelerometers mounted on the structure require in-situ power supplies for data collection, which is cumbersome
due to extra installation effort [24, 28]. Instead, light-based (e.g., laser and camera) and RF-based (e.g., RFID and
radar) approaches enable battery-free vibration monitoring. However, lasers are expensive (unit price of ∼USD
1000) for multi-point vibration measurement [20, 21], while cameras are subject to stringent lighting conditions
[10, 11]. Recently, RF-based approaches have been widely studied due to their non-intrusive, cost-effective, and
light-independent properties. However, existing long-wavelength RF systems (e.g., RFID signal with ∼ 33𝑐𝑚
wavelength) suffer from the limited resolution to accurately measure the tiny vibration displacement [23, 35, 36].

In contrast, the mmWave radar, whose wavelength is within a few millimeters (e.g., ∼ 4𝑚𝑚 for 77𝐺𝐻𝑧 radar),
intrinsically provides sufficient resolution for the tiny vibration displacement of structures at sub-millimeter
levels. As such, the vibration frequency and displacement can be precisely captured from the radar signal reflected
from the target structure. However, recent mmWave radar-based systems model the whole structure as a single
vibration point and intentionally ignore the weak signals reflected by different parts of the monitored structure
[13, 19, 29]. Regarding the whole structure as a single vibration source cannot provide sufficient information for
precise and simultaneous multi-point vibration monitoring.

In this work, we aim to fill this gap by developing a multi-point vibration monitoring system, called Multi-Vib,
using a single commercial mmWave radar (∼USD 300). Our intuition is that current commodity mmWave radars
potentially offer an opportunity for multi-point vibration monitoring due to its specific design involving (1) the
ranging ability achieved by the frequency-modulated continuous-wave (FMCW) chirp signal and (2) the angle-of-
arrival (AOA) estimation ability fulfilled by the beamforming technique using the multi-antenna infrastructure.
In our work, Multi-Vib is placed in front of the structure with multiple target points to sense the vibration, as
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shown in Fig. 2(b). Multi-Vib first sends the radar signal towards the structure. Then, the signals reflected by
each point are disengaged from the received superimposed signal using our dedicated signal separation scheme.
Finally, Multi-Vib extracts the signal phase from each separated signal in parallel to estimate their vibration
frequencies and displacements.
Achieving precise multi-point vibration monitoring using the mmWave radar, however, is not a trivial task.

We face two key challenges as follows:
• A fundamental challenge is to simultaneously sense all target vibration points. Intuitively, we can separately
detect multiple points at different locations by exploiting the ranging and beamforming ability of mmWave
radar. However, our empirical study shows that the signals reflected by points are difficult or even impossible
to detect by the radar. This is because most of the incident signal is scattered away by the points to other
directions due to their tilted locations and shapes by nature. As shown in Fig. 2(b), the radar signal towards
one point of the machine (in solid black) is reflected away (in solid orange) and scattered around (in solid
white), resulting in an extremely weak signal back to the radar and missing detection of the point.

• Another major challenge is to precisely measure the vibration displacement. Through our analysis, we
find that conventional signal processing methods (i.e., beamforming and null steering) to separate signals
and mitigate interferences from multiple vibration points fail to achieve a precise estimation of the sub-
millimeter vibration displacement in our scenario (we will explain in detail in Section 4.3). Existing solutions
address this issue using the FMCW chirp segmentation technique [19], which, however, decreases the
range resolution and impedes accurate measurement of multiple closely located points.

To tackle the issue of weak reflected signal, we conduct systematic analysis of the factors related to signal
strength and investigate a new aspect for signal enhancement, i.e., radar cross section (RCS), to mathematically
model the signal strength. Through our modeling, our target is to improve the RCS of vibration points. To achieve
this goal, we are inspired by the concept of retro-reflectors, which reflect the signal back to its reverse direction
with a high RCS and design an effective point marker for signal enhancement. By comparing the RCS performance
of different retro-reflectors, for the first time, we introduce the trihedral reflector that enables 3-dimension retro-
reflection as our marker for vibration sensing. However, traditional trihedral reflectors only enhance the RCS in
a limited range of angles. Thus, we further design an upgraded version to widen the RCS-enhanced angle range.
Our experiments show that the designed marker can effectively detect multiple vibration points.

To enable precise estimation of tiny vibration displacement, we design a new and novel method called antenna
permutation. Our antenna permutation approach enhances the conventional beamforming and null steering
method by fully exploiting the existing multi-antenna design of mmWave radar. In specific, we conduct a
comprehensive analysis of the geometric relationship among different antennas, based on which we generate
different antenna arrays by delicately permutating all antennas on the radar. Different antenna arrays can
introduce multiple and distinctive patterns of signals, which can be integrated together to achieve more precise
displacement estimation. Then, beamforming and null steering are conducted for all permutated antenna arrays.
By doing so, the signals from different arrays are combined to accurately remove the signal interference, which
enables precision extraction of the vibration signal phase and corresponding displacement. Note that our solution
maintains the range resolution of the system since we do not modify the FMCW chirp signal.

The novel design of vibration point marker and signal phase refinement method enables a cost-effective, passive,
and precise vibration monitoring system. First, as depicted in Fig. 2, the mmWave radar and point markers (USD
∼315) can greatly save the hardware cost compared with existing accelerometer-based systems for multi-point
vibration monitoring (USD 900). Second, our designed point marker can passively reflect the radar signal without
extra power supplies. Finally, the combination of the classical null steering beamforming method and our proposed
antenna permutation scheme ensures precise measurement of vibration frequency and displacement.
In sum, the main contributions of our work are summarized as follows:

Proc. ACM Interact. Mob. Wearable Ubiquitous Technol., Vol. 6, No. 4, Article 192. Publication date: December 2022.



192:4 • Yang et al.

• We propose Multi-Vib, which, to the best of our knowledge, is the first work that employs the commercial
mmWave radar for cost-effective, passive, and precise multi-point vibration monitoring.

• We analyze the root causes of the poor performance when applying conventional ranging and beamforming
methods for vibration monitoring. Then, we dedicatedly design a retro-reflective marker for accurate point
detection and develop effective algorithms to precisely estimate the vibration displacement and frequency.

• We implement Multi-Vib to evaluate the performance of vibration measurement on different real-world
machines and civil structures. Experiment results show that the average errors in multi-point vibration
frequency and displacement estimation are around 0.16𝐻𝑧 and 14𝑢𝑚, respectively.

The rest of paper is organized as follows. Section 2 introduces the preliminary knowledge, theoretical modeling,
and feasibility study of using the mmWave signal for multi-point vibration monitoring. In Section 3, we introduce
our design of the point marker to enable multi-point monitoring. Section 4 presents the implementation details to
precisely extract each point’s vibration frequency and displacement using the mmWave radar and markers. Then,
we evaluate the performance of our system with extensive experiments in Section 5. Next, we introduce related
works in vibration monitoring in Section 6 and discuss practical issues and future work in Section 7. Finally, we
conclude our work in Section 8.

2 MODELING THE MMWAVE RADAR SIGNAL FOR VIBRATION MONITORING
In this section, we first introduce the preliminary knowledge of mmWave radar and analyze how the signals are
affected by the vibrating object. Then, we discuss the limitations of the conventional beamforming scheme for
multi-point vibration monitoring.

2.1 The Principle of Vibration Monitoring with mmWave Radar
The key principle of using the mmWave radar signal for vibration monitoring is that the vibration displacement
can be extracted from the signal phase. As shown in Fig. 3(a), a vibration displacement of Δ𝑑 along the X-axis
results in a signal propagation distance change of 2Δ𝑑 . Accordingly, the signal phase change Δ𝜑 caused by the
vibration is Δ𝜑 = 2𝜋 · 2Δ𝑑

𝜆
, where 𝜆 is the signal wavelength.

The phase change Δ𝜑 can effectively reveal the vibration displacement Δ𝑑 for the vibration direction perpen-
dicular to the antenna panel, i.e., X axis in Fig. 3(a). For instance, for the 77GHz mmWave signal with 𝜆 = 3.89𝑚𝑚,
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Fig. 3. Modeling of effect of vibration point on signal propa-
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a 500𝑢𝑚 displacement along the X axis changes a signal phase of 1.61𝑟𝑎𝑑 . However, when the vibration direc-
tion is parallel to the antenna panel, i.e., Y and Z axes, Δ𝜑 significantly reduces. As shown in Fig. 3(b), for the
same Δ𝑑 = 500𝑢𝑚 along the Z-axis and 𝑑0 = 0.5𝑚, the signal propagation distance changes between 2𝑑0 and

2
√︃
𝑑20 + Δ𝑑2, resulting in Δ𝜑 = 2𝜋 · 2

√
𝑑2
0+Δ𝑑2−2𝑑0

𝜆
= 1.67 × 10−4 𝑟𝑎𝑑 , which is too small to detect by the radar.

Therefore, the mmWave radar is essentially a one-dimension vibration sensor that can measure a point’s vibration
whose direction is perpendicular to the radar antenna panel.

2.2 Extracting mmWave Signal Phase for Vibration Measurement
Existing mmWave radars employ the FMCW chirp signal, whose frequency linearly sweeps over a certain range
of frequency band: 𝑓 (𝑡) = 𝑓0 + 𝑘𝑡 , where 𝑓0 and 𝑘 are the starting frequency and chirp rate, as shown in Fig.
4(a). A FMCW chirp signal can be expressed as 𝑥 (𝑡) = 𝑒 𝑗 (2𝜋 𝑓0𝑡+𝜋𝑘𝑡2 ) . The radar transmitter (Tx) first sends out
the chirp signal, which is then reflected by the vibration point and propagates back to the receiver (Rx) with a
time delay of 𝜏 = 2(𝑑0+Δ𝑑 (𝑡 ) )

𝑐
, where 𝑐 is the signal propagation speed. The received signal can be represented as

𝑦 (𝑡) = 𝛼 · 𝑥 [𝑡 − 𝜏], where 𝛼 is the signal attenuation factor. The intermediate frequency signal can be obtained
as [19]: 𝑠 (𝑡) = 𝑥∗ (𝑡) · 𝑦 (𝑡) ≈ 𝛼 · 𝑒 𝑗4𝜋 (𝑓0+𝑘𝑡 )

(𝑑0+Δ𝑑 (𝑡 ) )
𝑐 , where (·)∗ refers to the conjugate operation. Then, fast

Fourier transformation (FFT) is performed on 𝑠 (𝑡) in each chirp, which is called range-FFT [27]. Each frequency
corresponds to a range bin which is the distance between the vibration point and the radar. Finally, we select the
complex-value signal in the target range bin 𝑑𝑖 (the bin including 𝑑0) from all chirps as 𝑠𝑖 (𝑡) = 𝛼𝑒 𝑗4𝜋 𝑓0 (𝑑𝑖+

2Δ𝑑 (𝑡 )
𝑐

)

and extract the phase from 𝑠𝑖 (𝑡).
In Fig. 4(b), we depict the signal amplitude after range-FFT where two motors separately vibrate in different

range bins, i.e., 0.8𝑚 and 1.4𝑚. Then, we extract the signal phase from the two target range bins to observe
each motor’s vibration pattern, as shown in Fig. 4(c). We further measure the vibration velocity by performing a
second FFT to obtain the Doppler-FFT spectrum, as shown in Fig. 4(d). Two motors both vibrate with a speed of
around 4𝑐𝑚/𝑠 . So far, we show that the ranging ability of FMCW chirp signal can help to extract the signal phase
of multiple vibration objects located in different range bins. However, for multiple vibration points with compact
distance, they may locate in the same range bins. Therefore, merely using the ranging method fails to separately
extract multiple points’ vibration patterns. To this end, mmWave radar employs the beamforming technique as
well as range-FFT to differentiate multiple compact vibration points in both range and angular dimensions.

2.3 Beamforming and Its Limitation for Multi-point Vibration Monitoring
Current mmWave radars are equipped with multiple Tx and Rx antennas. In Fig. 5(a), we show the antenna
layout of a commercial mmWave radar with 3 Tx antennas (Tx1-3) and 4 Rx (Rx1-4) antennas. The multi-antenna
design enables us to separate the signals reflected by multiple points and obtain their AOAs via beamforming.

As shown in Fig. 5(a), with an interval of 𝜆
2 between Rx1 and Rx2, the signal transmitted from Tx1 and received

by Rx2 will experience an extra propagation distance of 𝑑𝑒 = 𝜆
2 · 𝑠𝑖𝑛𝜙 than that received by Rx1, where 𝜙 refers

to the AOA. This results in a phase difference of 2𝜋
𝜆
· 𝑑𝑒 between Rx1 and Rx2. Accordingly, phase differences

Tx1
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Tx2
λ

λ/2

λ/2
Rx1Rx2Rx3Rx4

λ·sin /2

(a) Tx and Rx antennas on mmWave radar
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λ/2

λ·sin /2

λ/2λ/2 λ
Tx virtual Rx

 

Fig. 5. Antennas on the mmWave radar: (a) physical antenna array with 3 Tx and 4 Rx antennas, (b) virtual antenna array
with 1 Tx and 12 Rx antennas
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between the signal arriving at Rx3/Rx4 and Rx1 are 2𝜋
𝜆
·2𝑑𝑒 and 2𝜋

𝜆
·3𝑑𝑒 , respectively. Due to another 2𝜆 separation

between Tx1 and Tx2, phase differences between the signal from Tx2 to Rx1/2/3/4 and that from Tx1 to Rx1 are
2𝜋
𝜆
· 4𝑑𝑒 , 2𝜋

𝜆
· 5𝑑𝑒 , 2𝜋

𝜆
· 6𝑑𝑒 , and 2𝜋

𝜆
· 7𝑑𝑒 , respectively. For simplicity and better understanding, we can transform

the physical layout of Tx1, Tx2, and Rx1-4 antennas into a virtual linear antenna array with one Tx and eight Rx
antennas, i.e., the linear Rx 1-8 as depicted in Fig. 5(b). Similarly, based on the geographical relationship between
Tx3 and Tx1, another four virtual Rx antennas 9-12 are transformed parallel to virtual Rx 1-8 and align with
virtual Rx 3-6. Since Rx antennas 3-6 and 9-12 are duplicated along the azimuth dimension, we can simply employ
the virtual linear antenna array Rx antennas 1-8 to perform beamforming. Then, the phase difference Δ𝜑𝑚 (𝜙)
between the virtual Rx𝑚 ∈ [1, 2, ..., 7, 8] and virtual Rx 1 can be expressed as:

Δ𝜑𝑚 (𝜙) = 2𝜋
𝜆

· (𝑚 − 1) · 𝑑𝑒 = 𝜋 · (𝑚 − 1) · 𝑠𝑖𝑛𝜙 (1)
Then, a steering vector𝑤 (𝑚,𝜙) is formulated based on Δ𝜑𝑚 (𝜙) as follows:

𝑤 (𝑚,𝜙) = 𝑒− 𝑗Δ𝜑𝑚 (𝜙 ) (2)
Finally, we multiply the steering vector with the received signal 𝑠𝑖,𝑚 (𝑡) after range-FFT on virtual Rx antennas
1-8 and obtain the beamformed signal 𝑌 (𝑖, 𝜙, 𝑡) as below:

𝑌 (𝑖, 𝜙, 𝑡) =
8∑︁

𝑚=1
𝑤 (𝑚,𝜙) · 𝑠𝑖,𝑚 (𝑡), (3)

where 𝑖 and𝑚 denote the index of the range bin and antenna, respectively. In Eq. (3), we sweep 𝜙 in the range of
[−90◦, 90◦] with a step of 1◦. The amplitude of 𝑌 will peak at (𝑖, 𝜙) where a reflector is located.
We apply range-FFT and beamforming to measure the signal reflected by a vibrating blower machine, as shown

in Fig. 6(a). The blower machine consists of two components, i.e., the motor and wind box, which bear different
impairments and require separate monitoring. However, the signal amplitude after beamforming, as depicted
in Fig. 6(b), only exhibits a single target that corresponds to the location of the motor, but fails to detect the
wind box. This is because the motor is located vertically to the radar (0◦) so that part of the reflected signals
directly propagate back to the radar (other parts of signal are scattered around due to the motor cylinder shape).
Moreover, the motor has a larger area to reflect back the radar signal. However, the smaller wind box located in a
tilted direction to the radar (25◦) with a flat surface reflects most of the radar signal to another direction instead
of propagating back to the radar. As such, the reflected signal captured by the radar is extremely weak, resulting
in missing detection of the wind box. Therefore, to achieve multi-point vibration monitoring, a fundamental
challenge is to increase the signal strength for all target vibration points.

3 DESIGN OF THE MARKER FOR MULTI-POINT VIBRATION MONITORING
In this section, we introduce our method to enhance the signal strength of target vibration points, which is
achieved by a delicate design of the point marker.
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3.1 Signal Enhancement by Increasing the Radar Cross Section of Vibration Point
The signal strength 𝑃𝑟 received by the mmWave radar is expressed as [8]:

𝑃𝑟 =
𝑃𝑡𝐺𝑡𝐺𝑟𝜆

2𝜎

(4𝜋)3𝑅4 , (4)

where 𝑃𝑡 ,𝐺𝑡 ,𝐺𝑟 refer to the radar transmitting power, Tx antenna gain, and Rx antenna gain, respectively. 𝑅 is
the distance between the point and radar. 𝜎 is called radar cross section (RCS). For the same radar and distance
between radar and point, it is 𝜎 that determines the received signal strength 𝑃𝑟 . RCS 𝜎 measures how easy the
reflector can be detected by the radar, which is formulated as [1]:

𝜎 = 𝐴𝑝 · 𝑝𝑟 · 𝑟𝑑 , (5)
where 𝐴𝑝 is the project cross section which is decided by the point area. 𝑝𝑟 refers to the reflectivity, which is
determined by the point material. 𝑟𝑑 denotes the directivity, which is defined as the ratio of the power reflected
back in the radar’s direction to the power radiating equally in all directions [14]. In other words, the directivity
measures the concentration of reflector radiation pattern in the radar’s direction. As the size and material of
the vibration point are fixed, 𝜎 is mainly influenced by 𝑟𝑑 . Thus, the more signal reflecting back to the radar’s
direction, the higher the 𝑟𝑑 is. In practice, structures are mainly shaped in spheres, cylinders, and plates. However,
as depicted in Fig. 7(a-c), these ordinary reflectors located in tilted directions to the radar would reflect away
most of the incident signal to other directions (grey arrows) instead of back to the radar’s direction, resulting in a
low 𝑟𝑑 . Then, the corresponding 𝜎 and 𝑃𝑟 decrease. We conduct RCS simulation of spheres, cylinders, and plates
using CST. The RCSs of the sphere, cylinder, and plate reflectors are as low as −40𝑑𝐵𝑚2 to −30𝑑𝐵𝑚2. Thereby,
we need to increase the directivity and RCS of the vibration point.

To achieve the above goal, we inspire from the retro-reflector, which can passively reflect the incident signal
back to its reverse direction with increased 𝑟𝑑 and 𝜎 , to design a point marker. There are primarily three types of
retro-reflectors, including the Van Atta array, dihedral reflector, and trihedral reflector. We note that Van Atta
arrays and dihedral reflectors can only achieve retro-reflection in a 2-dimension plane perpendicular to their
surface [4, 5]. In real environments, due to the different locations and heights of multiple vibration points relative
to the radar, the incident signal could come in different directions in the 3-dimension space. Therefore, we adopt
the trihedral reflector which enables 3-dimension retro-reflection.
The principle of the trihedral reflector to increase the RCS stems from the construction of three conductive,

intersected, and perpendicular surfaces, as depicted in Fig. 9. For simplicity, we explain the principle using two
perpendicular surfaces at first. As shown in Fig. 8, the incident signal ®𝑥𝑖𝑛 has an AOA of 𝜙𝑥 and gets reflected
by the horizontal surface. Then, the signal arrives at the vertical surface, experiences the second reflection, and
reflects back to the radar as ®𝑥𝑜𝑢𝑡 , whose angle of departure (AOD) 𝜙𝑥 is the same as the AOA of ®𝑥𝑖𝑛 . As such,
the ratio of signal reflecting back to the radar’s direction over all directions, i.e., the signal directivity 𝑟𝑑 and
the RCS 𝜎 , is greatly improved. Then, adding a third perpendicular surface can further realize retro-reflection
in 3 dimensions. We illustrate the RCS results for three typical forms of trihedral reflectors (i.e., cube, quarter
circle, and triangle) in Fig. 11. Compared with the ordinary reflectors, the RCSs are significantly increased to
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−15𝑑𝐵𝑚2 to −10𝑑𝐵𝑚2 using trihedral reflectors. Besides, the trihedral cube reflector achieves the highest RCS,
thus is selected to make the point marker.

We find that a single trihedral reflector achieves higher RCSs in ±30◦ around its center line (i.e., boresight) but
relatively lower RCSs near 0◦ − 15◦ and 75◦ − 90◦. Such an imbalanced RCS improvement requires a strict or even
fixed deployment of the marker and radar, making the system inconvenient and inflexible to use in practice. Thus,
we further improve the design of the marker to ensure balanced RCS enhancement. Intuitively, we can widen the
angle with an enhanced RCS by composing four trihedral reflectors, as depicted in Fig. 10(a), to cover the whole
360◦ angles. However, the four connected reflectors still fail to enhance the RCSs around conjunction areas. As
shown in Fig. 12, the RCSs within ±10◦ of 0◦, 90◦, 180◦, and 270◦ are still not properly improved. To fully cover
the entire 360◦ azimuth directions, we stack eight trihedral reflectors in two layers, with each layer consisting of
four back-to-back reflectors. We dedicatedly align the center lines of the upper layer’s reflectors with the vertical
surfaces of the lower layer’s reflectors, as shown in Fig. 10(b). As such, the four reflectors in the two layers can
compensate each other, achieving the enhanced-RCS coverage over the whole 360◦ angles. The result of the
layered reflector in Fig. 13 illustrates that the RCSs are evenly enhanced in almost all azimuth directions.

3.2 Implementation and Effectiveness of the Marker for Target Point Detection
Our point marker consists of a tiny 3D-printed skeleton of the trihedral reflector. Each side of the skeleton is a
square plane (e.g., 2.5𝑐𝑚 × 2.5𝑐𝑚). We print both single and layered trihedral reflectors as markers for different
scenarios, as shown in Fig. 22(a). If the radar and makers’ locations are fixed, we use the single one on the structure.
Otherwise, we employ the layered one. The inner surface of each plane is coated by conductive materials with
high reflection coefficients, e.g., copper and aluminum. Such a simply designed as well as a small-sized marker
can be easily mounted on structures without affecting their vibrations. We tightly stick the markers to the target
points on the structure using strong adhesive so that markers can vibrate synchronously with the target points.
We conducted experiments to verify the efficacy of our designed marker for point detection. We use three

identical mini-motors as vibration points, which are separately placed, as shown in Fig. 14(a). First, we deploy
the markers made from the single trihedral reflector on the left and right motors (markers 1 and 2), which are
regarded as our target points. The motors are surrounded by static reflectors, such as desks and paper boxes.
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We configure the same parameters for all three motors and keep the surroundings unchanged throughout the
experiment. The range-FFT and beamforming result in Fig. 14(b) shows that the left and right motors mounted
with markers are clearly detected, while the middle motor without the marker and other nearby reflectors in
the environment are not detected. Yet the middle motor can be successfully detected after being attached with
marker 3, as depicted in Fig. 14(c). The experiment results manifest that our designed markers can significantly
improve the detectability of target points and can be distinguished from other reflectors. We further apply our
markers to the same blower machine in Fig. 6(a) for separately detecting the motor and wind box, as illustrated
in Fig. 6(c). The result in Fig. 6(d) shows that two markers can be clearly detected, especially for the wind box,
which fails to be detected without the marker.

4 MULTI-VIB DESIGN FOR MULTI-POINT VIBRATION MONITORING
Fig. 15 illustrates the overview of Multi-Vib system for multi-point vibration monitoring. Multi-Vib consists
of three key modules: (1) Point marker detection: detect the presence of target point markers and obtain their
range bins and AOAs. (2) Signal separation: separate the signal reflected from each point marker. (3) Signal phase
refinement: permutate all antennas on the radar to generate different antenna arrays for removing the effect
from static objects and obtain the accurate signal phase corresponding to the vibration signal. (4) Vibration
measurement: estimate the vibration frequency and displacement of each point marker using the refined signal
phase. In the following sections, we will introduce details of each module.

4.1 Point Marker Detection
We first detect the point markers and locate their positions, including the range bin and AOA. To achieve this, we
perform range-FFT and beamforming on the received intermediate frequency signal as introduced in Section 2.2
and Section 2.3, respectively. Since the marker has a higher RCS compared with nearby reflectors, it gives rise to
higher signal power on the located range bin and AOA towards the radar. In Fig. 17(a), we depict the overall signal
amplitude for each range bin. The amplitudes peak at the range bins where markers are located, i.e., the 10𝑡ℎ and

marker
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Fig. 15. Overview of Multi-Vib system for multi-point vibration monitoring
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12𝑡ℎ range bin. Meanwhile, we show the signal amplitudes along different AOAs for the 10𝑡ℎ and 12𝑡ℎ range bin
in Fig. 17(b) and Fig. 17(c), respectively. Similarly, the amplitude reaches an outstanding peak when the AOA
equals the marker’s direction to radar. Therefore, we search through range bins and AOAs to detect amplitude
peaks. To avoid fake peaks, an empirical threshold is configured. We separately extract the amplitude of the signal
along different range bins and angles with and without the point marker. Then, we illustrate their distributions as
shown in Fig. 16. Next, we calculate the mean (𝜇) and standard deviation (𝜎) of all signal amplitude and compare
𝜇, 𝜇 + 𝜎 , 𝜇 + 2𝜎 , 𝜇 + 3𝜎 with the former distributions. We find that the threshold of 𝜇 + 𝜎 can effectively separate
the two distributions as there is a clear gap between them. Thus, we set the threshold as 𝜇 + 𝜎 . Peaks below this
threshold can be simply discarded. Finally, we can obtain the range bin and AOA for each marker.

4.2 Signal Separation
After point marker detection, we separate each marker’s signal from 𝑌 (𝑖, 𝜙, 𝑡) based on the detected range bin
(𝑖) and AOA (𝜙) of each marker. However, if multiple markers are in the same range bin, signals reflected from
different markers may interfere with each other due to the side lobes in the beamed pattern. As shown in Fig.
18(a), the beamed pattern towards marker 1 exhibits one main lobe and several side lobes. If marker 2 is located
in the same range as marker 1 while in the direction of one side lobe generated by marker 1’s beamed pattern,
signals from marker 1 will be interfered by that of marker 2, resulting in an inaccurate vibration pattern from
the signal phase. To show the side lobe effect, we place two mini-motors mounted with marker 1 and 2 in the
same range bin and control them to vibrate separately at different frequencies. First, we use a high-end laser to
measure marker 1’s and marker 2’s vibration displacement as ground truth, as shown in Fig. 19(c) and Fig. 19(a),
respectively. Meanwhile, we extract marker 1’s signal phase after range-FFT and beamforming and estimate its
vibration displacement (will be introduced in Eq. (9)), as shown in Fig. 19(b). Compared with the ground truth of
marker 1 with a single vibration frequency, the measured vibration pattern includes more than one frequency
component, which is caused by the interference from marker 2’s vibration. Hence, the side lobe effect should be
removed to exclusively retrieve each marker’s signal phase.

To achieve this, we leverage the null steering technique to annihilate the potential side lobes where interfering
markers are located. Specifically, we aim to null the side lobe towards marker 2’s direction to remove its
interference on marker 1, as shown in Fig. 18(b). To this end, we need to obtain a new steering vector𝑤𝑑 , which
can (1) preserve the main lobe towards the target marker’s AOA (𝜙𝑡 ) and (2) null the side lobe towards the
interfering marker’s AOA. To meet requirement (1), the beamed pattern of𝑤𝑑 , especially for the main lobe, is
expected to be as similar as that of the steering vector towards the target marker’s AOA, i.e.,𝑤 (𝜙𝑡 ). Meanwhile,
to satisfy requirement (2),𝑤𝑑 and the steering vector towards the interfering marker’s AOA, i.e.,𝑤 (𝜙𝑛), should be
orthogonal to each other [32]. Then, we can formulate an optimization problem to null the side lobe as follows:
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min [𝑤𝑑 −𝑤 (𝜙𝑡 )]𝐻 · [𝑤𝑑 −𝑤 (𝜙𝑡 )], (6)
𝑠 .𝑡 ., 𝑤𝐻

𝑑
·𝑤 (𝜙𝑛) = 0,

where (·)𝐻 is Hermitian transpose. The optimization problem can be solved by the Lagrange multiplier method.
We leave the details to solve 𝑤𝑑 in appendix A and show the result for one interfering marker (AOA: 𝜙𝑛1 ) as
below:

𝑤𝑑 = 𝑤 (𝜙𝑡 ) −
𝑤 (𝜙𝑛1 ) ·𝑤 (𝜙𝑛1 )𝐻

𝑤 (𝜙𝑛1 )𝐻 ·𝑤 (𝜙𝑛1 )
·𝑤 (𝜙𝑡 ) (7)

Then, we apply the new steering vector𝑤𝑑 to perform beamforming and acquire the signal phase for each target
point marker. In Fig. 19(c), we show marker 1’s vibration pattern after nulling the side lobe in the yellow curve,
whose vibration frequency exactly aligns with the real one measured by the laser.

4.3 Signal Phase Refinement
In Fig. 19(c), we observe that extracted vibration displacement (yellow curve) exhibits a lower amplitude compared
with the ground truth (blue curve). Such underestimated displacement is caused by the error-prone signal phase
directly extracted from the signal after beamforming and null steering. Specifically, the separated signal inevitably
involves the signal reflected from stationary objects around the points. As shown in Fig. 4(d), the received signal
involves a static component that has zero velocity. Thus, the received signal vector ®𝑌 is actually a superposition of
the static vector ®𝑌𝑠 of static objects and the dynamic vector ®𝑌𝑑 of the vibrating points as: ®𝑌 = ®𝑌𝑠 + ®𝑌𝑑 , as depicted
in Fig. 20(a). The presence of ®𝑌𝑠 causes the actually measured phase Δ𝜑 to be smaller than the real phase Δ𝜑𝑑 . We
need to remove the effect from the static vector to accurately measure Δ𝜑𝑑 .
We model the effect from static vector under different circumstances: (1) The vibration point has a relatively

large displacement which is comparable to the half of the signal wavelength (∼ 3.89𝑚𝑚). As such, the dynamic
vector can rotate near a full circle, as shown in Fig. 20(a). However, the measured signal phase Δ𝜑 is smaller
than the real one Δ𝜑𝑑 near 2𝜋 . To retrieve Δ𝜑𝑑 , we can apply the circle fitting algorithm to estimate its center,
which is the end point of static vector (i.e., point 𝐶), and subtract the center from the received complex signal to
get rid of the static vector. The existing circle fitting algorithm is able to accurately estimate the center using a
near full circle. Thus, the effect of static vector can be effectively removed. (2) The vibration point has a tiny
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displacement which is much smaller than the signal wavelength. In practice, the structure vibration is usually in
a sub-millimeter level. In this way, the dynamic vector only forms a small arc, as depicted in Fig. 20(b). Since
existing circle fitting is mainly an optimization problem, a smaller arc introduces more uncertainties in arc center
estimation [2]. Thus, the estimated center with a small arc is error-prone, leading to unsuccessful removal of
the static vector. (3) The arc becomes even smaller when the signal strength from static objects is stronger (i.e.,
∥ ®𝑌𝑠 ∥) while the vibration displacement is in sub-millimeter level (most cases in structure vibration). In a word, an
effective method is demanded to accurately estimate the arc center for precisely removing the static vector and
measuring the tiny vibration displacement. Previous works solve this issue by segmenting each chirp signal to
generate multiple small arcs, which are translated and scaled to fit into a larger arc to estimate its center [18, 19].
However, segmenting the chirp inevitably sacrifices the range resolution, making it fail to differentiate closely
located markers on a single structure.
To this end, we propose a new method, called antenna permutation, which effectively removes the static

vector effect without sacrificing the range resolution. Specifically, we generate a larger arc by fully harnessing
all antennas on the radar, i.e., virtual Rx 1-12 in Fig. 5(b). Conventionally, beamforming and null steering are
performed on a single antenna array. While we jointly utilize the unused antennas RX 9-12 with Rx 3-6 to form
multiple antennas arrays for separate null steering beamforming. The key insight of our method lies in two folds:
(1) Rx 3-6 and Rx 9-12 are duplicated along the horizontal dimension. Thus, they can be mutually permutated
into sixteen (

∑4
𝑖=1 C𝑖

4 = 16) sets of 4-element uniform linear antenna arrays and combined with Rx 1-2 and Rx7-8
for separate beamforming and null steering, as depicted in Fig. 20(c). Rx 9-12 introduces extra static phase offsets
compared with Rx 3-6 as Rx 9-12 have an extra 𝜆/2 distance to Rx 3-6 in the vertical dimension. The extra static
phase offset 𝜑𝑝 in the beamformed signal is determined by the number of antennas 𝑝 ∈ {0, 1, 2, 3, 4} selected from
Rx 9-12 and the elevation angle 𝜃 between the radar and marker, which can be represented as below:

𝜑𝑝 = 𝑝 · 𝜋 · 𝑠𝑖𝑛𝜃 (8)
The𝜑𝑝 will rotate the complex signals from different antenna arrays by various degrees in the IQ domain, resulting
in multiple small arcs. Apart from the phase offset, the signal amplitude of different arrays also varies because
of the antenna gain difference. In sum, due to amplitude variations and distinct phase offsets, the beamformed
signals of different antenna arrays are distributed at different distances to the origin point as well as different
angles to the I-axis. Note that all small arcs are intrinsically concentric as they are generated by the same vibration
point. Therefore, we can merge these small arcs into a large arc. In Fig. 21(a), we show the complex signal
of all sixteen permutated antenna arrays, which are indeed separately distributed in different quadrants with
different amplitudes. Since the static and dynamic vectors are proportionally scaled based on the antenna gain,
we normalize their amplitudes to the same scale and finally obtain a large arc in Fig. 21(b).
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From Eq. (8), we have two main observations. First, as the 𝑝 is fixed, the size of the generated large arc is
affected by the 𝜃 . A large 𝜃 can increase 𝜙𝑝 and potentially generate a larger arc. Intuitively, we can set a high
elevation angle between the radar and marker to improve the center estimation accuracy. However, the elevation
3𝑑𝐵-beamwidth of the radar is within ±14◦. When 𝜃 is out of the beamwidth, the radar signal strength significantly
reduces. Fortunately, we find that a small 𝜃 (e.g., 5◦) can already make the signal vector rotate by almost quarter
quadrant (i.e., 4 ·𝜋 · 𝑠𝑖𝑛5◦ ≈ 0.4𝜋 ) for a generating a large arc. Thereby, we place the radar slightly higher than the
marker when monitoring the vibration. In addition, the effect of a small 𝜃 on the displacement (Δ𝑑) measurement
is ignorable (e.g., Δ𝑑 · 𝑐𝑜𝑠5◦ = Δ𝑑 · 0.996 ≈ Δ𝑑).

Second, five permutated antenna arrays, in which all 𝑝 values are present, can form a large arc with a similar
size to the arc generated from all sixteen antenna arrays, as shown in Fig. 21(b) and Fig. 21(c). In other words, we
may obtain an acceptable center estimation from the selected five antenna arrays. While we find that the large arc
becomes more complete if more antenna arrays are involved. As shown in Fig. 21(c), there are interspaces along
the large arc formed by the five selected arrays as the edges of small arcs do not strictly overlap. However, these
interspaces can be filled up by the arcs formed by remaining arrays, as depicted in Fig. 21(b). Most importantly,
the combined arc from all sixteen antenna arrays is slightly larger than that from the five selected arrays. This
is because different antennas bare inherent and random phase offsets incurred by the hardware imperfections
which turn out to be a benefit for us because they contribute to forming a larger and thorough arc, improving
the accuracy for arc center estimation. Therefore, in our work, we utilize all the sixteen antenna arrays to
estimate the arc center and remove the static vector. We first apply the time-efficient Taubin fit method [30] to
estimate an initial arc center and radius. Then, the initial results are input as the first guess to the geometric
Levenberg-Marquardt fit method [12], which can further improve the circle fitting accuracy. As depicted in Fig.
21(b), compared with the arc centers estimated by small arcs, the large arc can provide a broader view of the
original circle, making the estimated circle center more accurate. Note that applying all sixteen antenna arrays
does not pose much extra overhead as the null steering can be efficiently performed via vector multiplication.
Finally, we subtract the estimated center from the normalized and complex signal samples and obtain the

refined signal phase for each antenna array. Since different antenna arrays’ signals are affected by the same
vibration point, we select the refined signal phase from one antenna array whose signal has the highest amplitude
because a relatively larger antenna gain and signal amplitude can tolerate more inherent phase noises.

4.4 Vibration Displacement and Frequency Estimation
Based on the refined signal phase change Δ𝜑 (𝑡) and the geometric relationship between the marker and radar,
as shown in Fig. 20(d), we can derive the vibration displacement change Δ𝑑 (𝑡) along the vibration direction as
follows:

Δ𝑑 (𝑡) = Δ𝑑𝑟 (𝑡)
𝑐𝑜𝑠𝜙

=
Δ𝜑 (𝑡) · 𝜆
4𝜋 · 𝑐𝑜𝑠𝜙𝑚

, (9)

where Δ𝑑𝑟 (𝑡) is the displacement towards the radar direction, and 𝜙𝑚 is the marker AOA.
With the obtained vibration displacement pattern, we first perform FFT on the displacement signal after

removing the DC component for vibration frequency analysis. If the marker vibrates with a single frequency, only
one peak outstands the noise level in the frequency-domain spectrum. The spectrum noise level is empirically
set as the mean of all spectrum amplitudes. The frequency corresponding to the peak is the estimated vibration
frequency 𝑓𝑠 . Then, we calculate the vibration displacement by measuring the peak-to-peak (p-p) value [16, 26].
To obtain the p-p value, we apply the peak detection algorithm, which detects the local maximum and minimum,
on the displacement signal to extract the upper and lower peaks, as highlighted by the triangle and star markers
in Fig. 21(d). Then, the p-p value is the distance between adjacent upper and lower peaks. To avoid mis-regarding
the smaller fluctuations in the displacement signal as peaks, we apply a bandpass filter to smooth the signal. The
lower and higher cutoff frequencies of the bandpass filter are set as 𝑓𝑠 − 1𝐻𝑧 and 𝑓𝑠 + 1𝐻𝑧, respectively.
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(a) point markers in different materials & sizes (b) vibration ground truth from laser and accelerometer
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Fig. 22. Illustration of point markers and setup for measuring the vibration ground truth: (a) Point markers in different sizes,
materials, and forms, (b) laser and accelerometer to measure vibration ground truth on machine, shake table, and bridge

In practice, structures could vibrate with several frequencies when bearing problems, leading to multiple
frequency peaks in the spectrum. Under multi-frequency circumstances, we first estimate all vibrating frequencies
after FFT. For each frequency 𝑓𝑖 above the noise level, we also employ the bandpass filter to remove the effect of
other frequencies. Then, we apply peak detection to extract the p-p value of vibration displacement for each 𝑓𝑖 .
In Section 5.5, we will show how vibration frequency and displacement help to detect structural impairments.

5 EVALUATION
In this section, we introduce the experiment setup and evaluation results of Multi-Vib.
5.1 Experiment Setup and Evaluation Methods
5.1.1 Implementation. The Multi-Vib system is implemented with a commercial mmWave radar, Texas Instru-
ments (TI) AWR1843BOOST, which works on the 77 − 81𝐺𝐻𝑧 frequency band and equips with 3 Tx and 4
Rx antennas. Tx antennas send FMCW chirp signals with 3.6𝐺𝐻𝑧 bandwidth. The signal is collected using TI
DCA1000EVM in real time. The sampling rate of radar signal is set to 2𝐾𝐻𝑧, which can sense the vibration with
up to 1𝑀𝐻𝑧 frequency. The signal is processed in Matlab on a computer with an Intel i7-9750H processor and
16𝐺𝐵 memory. In the beamforming step to obtain each marker’s AOA, we sweep the angle between [−90◦, 90◦]
with a resolution of 1◦ using a short period of signal (1𝑠), which costs around 1.5𝑠 in total. Note that the angle
sweeping in only needs to be performed once to detect vibration points, which is a one-time step at the beginning
of vibration monitoring. The computation cost of the null steering optimization problem is 𝑂 (𝑛), where 𝑛 is the
length of the steering vector. The skeleton of the point marker is 3D-printed using the Poly Lactic Acid (PLA)
filament. Then, different metal materials, including brass copper, aluminum, and 304 stainless steel, are coated on
the inner side of the marker skeleton, as shown in Fig. 22(a). We also make markers in different sizes to investigate
the effect of marker size on the detection range and angle. The average cost of the marker is around USD 5.

5.1.2 Experiment Scenarios. We conduct experiments in a mechanical lab, industrial center, and bridge. We use
mini-motors to act as vibration points, as shown in Fig. 14(a) and Fig. 22(b), and evaluate the performance of point
detection, vibration frequency, and displacement estimation with respect to different numbers of points, different
vibration frequencies and displacements, different distances and angles between radar and points. The vibration
frequency and displacement of mini-motors are controlled via a speed and voltage controller. We also apply
Multi-Vib to monitor the vibration of real-world structures with the following case studies: (1) conveyor machine,
which is widely used in production plants to deliver materials and goods. (2) structural dynamics analysis, which
refers to the analysis of a structure’s responses to dynamic loads. This analysis is widely used in civil engineering
research studies. (3) bridge vibration, which serves as an essential indicator of the bridge health condition.

5.1.3 Ground Truth. The vibration ground truth is mainly obtained using a laser vibrometer, Pansonic HL-G105-
S-J, which has a detection range of ±4𝑚𝑚 and a high precision of 0.5𝑢𝑚. In Fig. 22(b), the laser is placed on a
stationary tripod in front of the marker. We print a extended plane board besides the marker as a reflector of the
laser beam. In this way, the vibration displacement measured from the laser is the same as that of the marker. For
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Fig. 23. Overall performance: (a) ratio of successfully detected points, (b) cumulative distribution function (CDF) of the
RMSE in vibration frequency estimation, (c) CDF of the RMSE in vibration displacement p-p value estimation

the bridge vibration, its ground truth is obtained using a single-axis accelerometer (ICP/IEPE CT1005LC) with a
sensitivity of 50𝑚𝑉 /𝑔, as depicted in Fig. 22(c). The reason why we do not use the laser to measure the ground
truth of bridge vibration is that the laser needs to be mounted on a stationary support close to the vibration point.
However, since the bridge keeps vibrating, we can hardly find a place to deploy the laser on the bridge.

5.1.4 Evaluation Metrics. First, we define the ratio of successful point detection as the number of successful
detection of each marker over all trials to evaluate the effectiveness of our designed markers. Second, we employ
the root mean square error (RMSE) between the real and estimated vibration frequencies and displacement
p-p values to evaluate the vibration measurement accuracy. In Multi-Vib, we divide the received signal into
short and fixed-length windows (e.g., 2𝑠) for real-time vibration monitoring. For each window, the real and
estimated vibration frequencies and average displacement p-p values are obtained from the laser and radar signal,
respectively. The RMSE of vibration frequency is given by

√︃
1
𝑁

∑𝑁
𝑖=1 (𝑓 2𝑖 − 𝑓 2

𝑖
), where 𝑓𝑖 and 𝑓𝑖 refer to the real

and estimated vibration frequencies in window 𝑖 , respectively, and 𝑁 is the total number of windows. Likewise,
the RMSE of vibration displacement p-p value can be obtained from the real and estimated p-p values 𝑑𝑖 and 𝑑𝑖 .

5.2 Overall Performance
5.2.1 Vibration Point Detection. The average ratio of successful vibration point detection is 0.948. First, we show
the performance of vibration point detection using our designed markers. We select one to five mini-motors as
vibration points and randomly change their distances to the radar within 2 − 4𝑚 and their angles to the radar
within ±40◦. We first detect mini-motors without attaching the marker for comparison. Then, 3𝑐𝑚-size markers
(the single one) are attached to each mini-motor. The result of successful point detection ratio is given in Fig.
23(a). Our designed markers can significantly improve the ratio (𝑟𝑠 ) by around 45% on average. Moreover, 𝑟𝑠 drops
dramatically with the increasing number of points without the marker. This is because points that are farther or
have a tilted angle to the radar can be missed. When equipped with markers, 𝑟𝑠 only experiences a slight decrease
even for five points. This indicates that the marker can effectively increase the detectability of multiple points.

In addition, we deliberately put some static objects, e.g., boxes and shelves, around the mini-motors attached
with markers during experiments. Notably, our designed markers present a higher detectability than these objects
due to the retro-reflective property of trihedral reflectors. The false positive ratio of regarding surrounding objects
as the vibration points is 6.3%. The mere wrong detection mainly comes from the presence of large doors and
guards. Nevertheless, these false negatives can be removed by analyzing their reflected signal phase, which is
relatively stable without a changing vibration pattern.

5.2.2 Vibration Frequency and Displacement p-p Value. The median RMSEs of estimating vibration frequency
and displacement p-p value are around 0.16𝐻𝑧 and 14.5𝑢𝑚, respectively. We present the overall performance of
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Table 1. Comparison of Multi-Vib with state-of-the-art systems.
error of frequency error of displacement multi-point measurement

TagSMM [35] 0.3-0.8Hz 10-40um Not applicable
mmVib [19] 0.1-0.3Hz 5-15um Not applicable
Multi-Vib 0.1-0.2Hz 7-18um Yes

estimating the vibration frequency and displacement p-p value for different numbers of vibration points (𝑛𝑡 )
attached with the single trihedral marker, which are driven by mini-motors with different vibration frequencies
(10 − 50𝐻𝑧) and displacements (0.05 − 2𝑚𝑚). For 𝑛𝑡 = 2 and 𝑛𝑡 = 3, two markers and three markers with a
separation of 15◦ − 60◦ between each other are placed in the same range bin, respectively. For 𝑛𝑡 = 4, we divide
the four markers into two groups, and each group’s two markers are located in the same range bin. For 𝑛𝑡 = 5, two
of the markers are in the same range bin, and the left three markers are in different bins. The distance between
markers in different range bins is set within the range of 15 − 50𝑐𝑚.
As depicted in Fig. 23(b), Multi-Vib can achieve a median RMSE of 0.144𝐻𝑧 for estimating the vibration

frequency for one point. The median RMSE increases by only 0.05𝐻𝑧 when the number of points grows to
five. Meanwhile, the median RMSE for estimating the displacement p-p value, as shown in Fig. 23(c), is within
10.5 − 16.1𝑢𝑚 across different numbers of points. In addition, we compare the RMSE of displacement p-p value
with and without our antenna permutation method for signal phase refinement. The antenna permutation method
can decline the RMSE by around 28% of the displacement p-p value estimated from the raw signal phase after
range-FFT and beamforming, showing the efficacy of our phase refinement method.

5.2.3 Comparison with State-of-the-art Works. We compare the performance of Multi-Vib with two state-of-the-
art systems, i.e., TagSMM [35] and mmVib [19]. TagSMM employed the RFID signal reflected by the vibrating
object frommultiple nearby RFID tags for vibrationmeasurement. mmVib utilized the mmWave radar for vibration
monitoring. The comparison details are shown in Table 1. Compared with TagSMM, Multi-Vib can measure
the vibration frequency and displacement with higher accuracy. Besides, TagSMM only considers measuring a
single object’s vibration. Compared with mmVib, Multi-Vib achieves a similar error in frequency estimation but
a slightly higher error in displacement estimation. This is because Multi-Vib faces stronger interference from
multiple points. Although mmVib can measure multiple objects’ vibrations, it is not applicable for multi-point
measurement due to the following reasons. First, the whole object (e.g., the whole machine) can reflect a larger
portion of signal back to the radar than the small point. Thus, multiple objects can be more easily detected by the
radar. Second, mmVib sacrifices the range resolution for accurate vibration measurement. However, compared
with the far distance between multiple objects, the close points on a single object require a higher range resolution.
By contrast, Multi-Vib can effectively detect multiple points and maintain the range resolution.

5.3 Effect of Vibration Frequency and Displacement Level
We evaluate the accuracy of Multi-Vib on estimating vibration frequency and displacement p-p value consid-
ering the effect of different levels of vibration frequencies and displacements of vibration points. In following
experiments, we use two 3𝑐𝑚-size single trihedral markers with 2 − 3𝑚 distance and 0◦ − 30◦ angle to the radar.

5.3.1 Different Frequency Levels. The RMSEs of frequency and displacement p-p value estimation for lower frequency
levels (< 20𝐻𝑧) are 0.015𝐻𝑧 and 2.6𝑢𝑚 larger than those of higher levels (> 20𝐻𝑧). We adjust the vibration frequency
of mini-motors using the speed controller with different levels, including 5−10𝐻𝑧, 10−20𝐻𝑧, 20−30𝐻𝑧, 30−40𝐻𝑧,
40− 50𝐻𝑧, and 50− 100𝐻𝑧. The vibration displacement is kept in the range of 0.5− 1𝑚𝑚. The RMSEs of frequency
estimation and displacement p-p value estimation among different frequency levels are shown in Fig. 24(a) and
Fig. 24(b), respectively. Lower frequency levels (i.e., 5−10𝐻𝑧 and 10−20𝐻𝑧) lead to relatively larger errors in both
frequency (mean RMSE of 0.126𝐻𝑧) and displacement p-p value (mean RMSE of 15.6𝑢𝑚) estimation compared
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with those of higher frequency levels (mean RMSE of 0.112𝐻𝑧 and 13.2𝑢𝑚). The main reason is that vibrations
with lower frequency levels are more vulnerable to irregular noises and fluctuations in the vibration pattern.

5.3.2 Different Displacement Levels. The RMSEs of frequency and displacement p-p value estimation for smaller
displacement levels (< 0.3𝑚𝑚) are 0.035𝐻𝑧 and 7.2𝑢𝑚 larger than those of higher levels (> 0.3𝑚𝑚). We adjust the
vibration displacement of mini-motors using the voltage controller with different levels, including 0.05 − 0.1𝑚𝑚,
0.1−0.3𝑚𝑚, 0.3−0.5𝑚𝑚, 0.5−1𝑚𝑚, 1−2𝑚𝑚, and 2−3𝑚𝑚. The vibration frequency level is kept within 30−40𝐻𝑧.
The RMSEs of frequency estimation and displacement p-p value estimation among different displacement levels
are shown in Fig. 25(a) and Fig. 25(b), respectively. Smaller displacement levels, especially within 0.05 − 0.1𝑚𝑚,
result in larger RMSEs for both frequency (mean RMSE of 0.162𝐻𝑧) and displacement p-p value (mean RMSE of
18.1𝑢𝑚) estimation due to the reason that tiny displacement can be more easily overwhelmed by noises. When
the displacement level is above 0.5𝑚𝑚, RMSEs drop to 10 − 12𝑢𝑚.

5.4 Effect of Distance, Angle, and Marker Size
The distance and angle between the radar and marker may affect the performance of marker detection and
vibration measurement. Besides, the marker size also influences the effective detection range, including distance
and angle. Thereby, we conduct experiments to investigate the joint impact from distance, angle, and marker size
on the vibration monitoring performance. In the following experiments, the vibration frequency and displacement
of the mini-motor attached with one marker are kept at 20 − 30𝐻𝑧 and 0.5 − 1𝑚𝑚, respectively.

5.4.1 Marker Size Effect on Detection Distance. The marker with side lengths of 3𝑐𝑚 and 6𝑐𝑚 can be detected
within 4𝑚 and 8𝑚 to the radar, respectively. We attach the single trihedral marker with different sizes (2𝑐𝑚, 2.5𝑐𝑚,
3𝑐𝑚, 3.5𝑐𝑚, 4.5𝑐𝑚, and 6𝑐𝑚) on the mini-motor and set different distances 𝑑0 between the marker and radar
(0.8𝑚 − 1𝑚, 1𝑚 − 2𝑚, 2𝑚 − 3𝑚, 3𝑚 − 4𝑚, 4𝑚 − 5𝑚, 5𝑚 − 6𝑚, and 6𝑚 − 8𝑚). The marker is placed perpendicular
to the radar. The results of frequency and displacement p-p value estimation are given in Table 2. For the marker
with 2 − 2.5𝑐𝑚 side length, the radar can successfully measure its vibration within 3𝑚 with an average error of
0.16𝐻𝑧 in frequency estimation and 16.4𝑢𝑚 in displacement estimation. For distances above 3𝑚, a larger side
length of the marker (e.g., 3𝑐𝑚) is demanded. According to our experiment results, the marker with size of 6𝑐𝑚
can be detected as far as 8𝑚 to the radar with average errors of 0.137𝐻𝑧 and 15.8𝑢𝑚 in vibration frequency and
displacement estimation, respectively, which is enough for indoor machine monitoring. For monitoring large
civil structures, the compact markers can be flexibly placed for local vibration measurement at some risky points.
We also evaluate the performance of the layered trihedral marker, which achieves a similar result as the single
one. This is because the layered marker is designed to evenly enhance the RCS over all 360◦ azimuth directions
while the maximum RCS remains the same as the single trihedral marker when being placed perpendicular to the
radar. Another observation is that for the same 𝑑0, the larger marker can improve the estimation accuracy. While,
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Fig. 24. Effect of vibration frequency levels on the accuracy of estimating frequency and displacement p-p value
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the RMSE increases with longer 𝑑0 for the same size of marker. This is because the signal-to-noise ratio (SNR) is
decreased for longer distances.

5.4.2 Marker Size Effect on Detection Angle. The single trihedral marker with side lengths of 2.5𝑐𝑚 and 6𝑐𝑚 can be
detected within 30◦ and 45◦ angle to the radar, respectively. The layered trihedral marker can cover up to 50◦ with a
side length of 2𝑐𝑚 and above.We first evaluate the performance of the single trihedral marker by changing the
angle between the radar and the marker, i.e., 0◦ − 10◦, 10◦ − 20◦, 20◦ − 30◦, 30◦ − 40◦, 40◦ − 45◦, and 45◦ − 90◦.
The distance between the marker and radar is set to 2𝑚. We show results of frequency and displacement p-p
value estimation for different angles in Table 3. When the marker is placed within 40◦ to the radar, a side length
of 3𝑐𝑚 enables the marker to be effectively detected. Markers whose side lengths are above 4.5𝑐𝑚 are detected
within 45◦ to the radar. Meanwhile, we also evaluate the layered trihedral marker, which can already cover up to
50◦ angle with a side length of 2𝑐𝑚 as the two layers of trihedral reflectors can jointly improve the RCS with a
wider angle range. However, when the angle is above 50◦, we fail to detect the marker because the radar’s 6𝑑𝐵
beamwidth is around ±50◦ [6], making the radar signal strength significantly declines out of ±50◦. Nevertheless,
as the beamwidth is symmetric at 0◦, we can still achieve up to around 100◦ width of detection angles.

Table 2. RMSEs of frequency (freq, 𝐻𝑧) and displacement p-p value (p-p, 𝑢𝑚) estimation for different distances between the
radar and vibration points with respect to different marker sizes (single trihedral reflector).

𝑑0
0.8m-1m 1m-2m 2m-3m 3m-4m 4m-5m 5m-6m 6𝑚 − 8𝑚
freq p-p freq p-p freq p-p freq p-p freq p-p freq p-p freq p-p

2cm 0.142 13.8 0.152 15.6 0.160 16.4 / / / /
2.5cm 0.138 13.5 0.149 15.3 0.151 15.8 / / / /
3cm 0.134 13.1 0.137 13.9 0.142 14.5 0.141 15.1 / / /
3.5cm 0.131 12.8 0.129 13.4 0.136 13.8 0.137 14.2 0.134 14.9 / /
4.5cm 0.128 12.4 0.126 13.0 0.129 13.3 0.131 13.7 0.128 13.9 0.132 14.8 /
6cm 0.121 11.5 0.123 12.1 0.125 12.7 0.126 13.2 0.126 13.6 0.129 14.5 0.137 15.8

Table 3. RMSEs of frequency (freq, 𝐻𝑧) and displacement p-p value (p-p, 𝑢𝑚) estimation for different angles between the
radar and vibration points with respect to different marker sizes (single trihedral reflector).

𝑎𝑛𝑔𝑙𝑒
0◦ − 10◦ 10◦ − 20◦ 20◦ − 30◦ 30◦ − 40◦ 40◦ − 45◦ 45◦ − 90◦
freq p-p freq p-p freq p-p freq p-p freq p-p freq p-p

2cm 0.158 16.5 0.154 17.0 0.161 17.5 / / /
2.5cm 0.152 16.1 0.152 16.7 0.159 17.2 / / /
3cm 0.144 15.6 0.149 16.3 0.155 16.9 0.162 17.4 / /
3.5cm 0.12 15.2 0.143 15.6 0.148 15.9 0.151 16.6 / /
4.5cm 0.130 14.5 0.133 14.7 0.135 14.9 0.141 16.3 0.161 18.9 /
6cm 0.129 13.4 0.130 14.1 0.132 14.4 0.136 15.7 0.154 17.6 /
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5.5 Case Studies
In this section, we apply the Multi-Vib system to monitor machines and civil structures to evaluate its performance
in several important real-world applications.
5.5.1 Conveyor Machine Vibration Monitoring. The widely used conveyor machines in plants are vulnerable to
the misalignment problem, which is caused by the mismatch between the roller from the motor and the roller
connected with the belt, as shown in Fig. 26(a). The misalignment issue will cause the motor to vibration with
the rolling frequency. In this case study, we attach two markers (marker 1 and marker 2) to the left and right
points on the conveyor machine, which already suffers from the misalignment problem, and monitor the machine
vibration. We first apply range-FFT and beamforming to detect the two markers, as depicted in Fig. 26(b). Then,
we extract each marker’s signal phase and displacement, as shown in Fig. 27(a-b). Finally, we perform FFT on the
displacement and obtain the spectrum in Fig. 27(c-d).
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From the two points’ spectrum, we can observe an outstanding low-frequency component, which exactly
corresponds to the rolling frequency. Meanwhile, marker 2 exhibits a larger displacement and a higher amplitude
on the low-frequency component in the spectrum than those of marker 1. This is mainly because marker 2 suffers
more from the misalignment issue as it is closer to the roller. These observations indicate the presence of the
roller misalignment problem as well as telling which part of the machine is more problematic. The high-frequency
components in marker 1’s spectrum are caused by the inherent vibration of the working motor, which only
accounts for a small proportion of the whole spectrum. The insignificant high-frequency component infers that
the motor itself still runs healthily.
Next, we evaluate the accuracy of estimating the frequency and displacement p-p value for the conveyor

machine. As shown in Fig. 28(a), we use a laser to measure marker 1’s vibration ground truth. Then, we perform
FFT on marker 1’s real and estimated displacements from the laser and radar signals, respectively, as depicted in
Fig. 28(b). The peak frequencies, including both low-frequency and high-frequency components, of the real and
estimated vibration closely match each other. Then, we apply bandpass filters to obtain the low-frequency and
high-frequency displacement patterns, as shown in Fig. 28(c-f). Compared with the ground truth, the displacement
peaks are accurately detected from the measured radar signal. The average RMSE in frequency estimation for the
two markers is 0.13𝐻𝑧, and the average RMSE of displacement p-p value estimation is 14.8𝑢𝑚.

5.5.2 Structure Dynamics Analysis. Monitoring and analyzing the structure’s responses under dynamic loads (e.g.,
earthquake and wind) is crucial for designing structures to withstand severe disasters and weather conditions. In
civil engineering, researchers simulate various dynamic loads to structures and measure their dynamic responses,
including displacement, velocity, and acceleration. The shake table is one of the common tools to generate and
simulate dynamic loads [9, 34]. Traditionally, displacement sensors (e.g., laser and linear variable differential
transformer) and accelerometers are employed to measure the structure response on the shake table, which
can be quite costly and inconvenient. In this case study, we substitute conventional sensors with our vibration
markers to investigate the effectiveness of Multi-Vib for measuring the structure’s dynamic responses.

As shown in Fig. 29(a), we build a two-story steel structure and mount it on a shake table. We attach markers
to the four points at each corner of the structure and separately monitor their vibrations. The four markers are
successfully detected after range-FFT and beamforming, as depicted in Fig. 29(b). The structure is excited with a
4𝐻𝑧 sine wave as the input motion generated by the shake table. Then, we tighten all the bolts on the structure
and extract all markers’ vibration patterns. For example, the estimated and ground-truth displacements of marker
1 from the radar signal and laser are illustrated in Fig. 30(a). Next, we loosen the bolt between the steel plate and
the rod on the lower-left corner around marker 1, which incurs a structure damage called bolt loose. The bolt
loose results in a decrease in the structure’s stiffness, which increases its displacement under the same input
motion, especially for the area around the lower-left bolt (e.g., marker 1’s position). As depicted in Fig. 30(b),
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the extracted displacement of marker 1 under the bolt loose is indeed about 0.3𝑚𝑚 larger than that with the
tight bolt. Meanwhile, marker 1 experiences more displacement growth than the other three markers (especially
markers 3 and 4) because the bolt loose happens around marker 1. Therefore, we can detect the location of bolt
loose from the displacement change of four markers. In this case study, the average RMSEs for estimating the
structure’s vibration frequency and displacement p-p value are 0.11𝐻𝑧 and 12.5𝑢𝑚, respectively.

5.5.3 Bridge Vibration Monitoring. Vibration is an essential indicator for evaluating bridge health conditions.
Existing approaches mainly install accelerometers to monitor bridge vibration caused by external forces, e.g.,
passing vehicles and wind. However, for short-span bridges (length within 20−30𝑚), accelerometer-based systems
may not be an efficient solution for a large number of short bridges in many cities because of the sensor and
installation cost. Therefore, we attempt to apply the Multi-Vib system for monitoring short bridges’ vibration.

As shown in Fig. 31(a), we mount four vibration markers (m1-m4) on each step of the footbridge. In this way,
we can acquire the vibration responses at multiple steps for more fine-grained bridge vibration monitoring. The
mmWave radar is placed on the stable ground outside the bridge. As illustrated in Fig. 31(b), all the four markers
are successfully detected after range-FFT and beamforming. Then, we find volunteers and ask them to walk and
hit the ground of each step. These hits can incur pulse vibrations on the bridge ground. To compare our extracted
vibration pattern from the radar signal with the ground truth, we employ a high-precision accelerometer and
attach it to the extended board out of the marker to measure the acceleration ground truth.

We calculate the acceleration by taking the second derivative of displacement extracted from the radar signal
and compare it with the acceleration ground truth. Taking the step mounted with marked 1 as an example, its real
and estimated acceleration are depicted in Fig. 32(a) and Fig. 32(b), respectively. Multi-Vib can effectively detect
each hit on the step. We also compare the detailed acceleration signal. As shown in Fig. 32(c), even though the
estimated acceleration misses a few tiny fluctuations, the general patterns of the acceleration estimated from the
radar signal and that from the accelerometer can match each other. The mean correlation between the estimated
and real acceleration of all hits on different steps is around 0.65. Meanwhile, we extract the distance between the
highest and lowest peak from each hit’s acceleration signal and calculate the difference between our estimated
values and the actual values acquired from the accelerometer. The average difference is 10.5% over the actual
value. This indicates that our system can retrieve a similar vibration acceleration pattern as the accelerometer.

6 RELATED WORK
In this section, we introduce and compare existing systems that are related to vibration monitoring.
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6.1 Accelerometer-based Vibration Monitoring
There are mainly three types of accelerometer, including piezoelectric, piezoresistance, and capacitive accelerom-
eter. The piezoelectric accelerometers are mostly used for vibration measurement because it is more sensitive to
tiny acceleration changes [24, 28]. Although accelerometers can provide precise measurement of vibrations, it fails
to output accurate displacement because the integration operation can accumulate and exaggerate measurement
errors in the displacement. There are many systems that provide multiple accelerometer channels for multi-point
acceleration measurement at the same time. However, these systems are quite expensive due to the increasing
number of sensors and channels for data collection. In addition, accelerometers need extra power supplies, which
add more installation complexity in real environments.

6.2 Light-based Vibration Monitoring
Laser vibrometers and cameras enable a non-contact way for monitoring the vibration. Lasers can directly
measure the vibration displacement by calculating the change of the laser light’s traveling distance reflected by
the vibrating object [20, 21]. Lasers can enable fine-grained measurement of displacement with 𝑢𝑚 resolution.
However, it also shows some drawbacks in real-world usage. First, lasers are mainly used to measure vibrations in
short ranges (usually within 2𝑚) because the laser light can be easily occluded by surrounding objects. Therefore,
lasers are not proper for remote monitoring of vibrating objects. Second, a high-precision laser is rather costly.
This could raise the expense for employing multiple lasers to realize multi-point vibration simultaneously.

High-definition cameras are usually employed to extract pixels which become individual point sensors for
vibration measurement [10, 11]. The change of pixel contour can infer the vibration pattern along the time.
However, high-resolution cameras are relatively expensive. Thus, recent studies have been trying to ease the high
cost and high definition requirement for cameras and propose motion magnification techniques to extract the
vibration pattern from ordinary video cameras [33]. However, using cameras suffers from a critical shortcoming
that they could not work properly in poor-lighting environments, which limits the application of this approach
in many practical scenarios, e.g., factories with dimmed light and outdoor foggy environments.

6.3 RF-based Vibration Monitoring
RF signals have been widely investigated for vibration monitoring due to the battery-free, cost-effective, and
light-independent benefits. At first, RFID systems are used to measure the vibration of the target object, which
is attached with passive RFID tags [36]. When the object vibrates, the RFID tag moves along with the object.
The phase of the signal from the RFID tag involves the vibrating displacement information. However, since the
wavelength of RFID signal is in the 𝑐𝑚 level, it is difficult to accurately extract the tiny vibration pattern in the
sub-𝑚𝑚 level. Although researchers have investigated amplifying the signal phase for RFID systems, they require
multiple (4-6) RFID tags to retrieve the original vibration displacement of a single object [35], bringing much
inconvenience for multi-point deployment.

In contrast, the mmWave radar signal with𝑚𝑚-level wavelength has a higher resolution for vibration measure-
ment. Existing works have applied mmWave radars for vibration monitoring [13, 19, 29]. However, they mainly
regard the vibrating object as a single point and extract its vibration pattern. In practice, many structures are
composed of multiple components which require to be monitored at the same time. Hence, our work dedicatedly
realizes multi-point vibration monitoring with a novel design of the vibration marker and advanced methods to
accurately estimate the vibration indicators.

7 DISCUSSION AND FUTURE WORK
In this section, we discuss some practical issues related to the deployment of Multi-Vib system.
Resolution of marker detection: In Multi-Vib, the minimum range and angle between two markers are

limited by the radar bandwidth and the number of antennas. The radar we use has a 4𝐺𝐻𝑧 bandwidth, which
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corresponds to a 3.75𝑐𝑚 resolution. Meanwhile, through our experiments, eight antennas on the radar can achieve
around 10◦ angle resolution. Thus, markers that are within the range and angle resolution cannot be clearly
detected. While, in practice, for multi-point vibration monitoring on structures, points actually have a certain
distance (e.g., > 10𝑐𝑚) from each other, because nearby points tend to share a similar vibration pattern. Thus,
current range and angle resolutions can properly fulfill the multi-point deployment requirement.
Multi-dimension and multi-plane vibration measurement: In Section 2.1, we have shown that the

mmWave radar functions as a one-dimension vibration meter. In practice, some applications may demand three-
dimension measurements. Our system can be extended to serve this purpose. We can employ three radars in each
dimension to transmit and receive signals. Meanwhile, we can concatenate three markers in the same plane with
one side overlapping with each other to head towards each dimension.
In this work, we mainly detect vibration points in nearby horizontal planes since the employed commercial

radar can only accurately report the azimuth AOA. In practice, we may also require the elevation AOA if vibration
points are in distant planes. To achieve this, we can add another radar and vertically rotate it by 90◦ to measure
the elevation AOA. While, multi-dimension and multi-plane vibration measurements require a careful design of
the geometry among the radar and markers as well as the signal synchronization among multiple radars. In our
future work, we will deal with the above complex vibration measurement scenarios.

Vibration monitoring under out-of-sight circumstances: In practice, some target vibration points might
be difficult to detect using a single radar. For example, if the radar faces to the front side of the motor, the points
on the back side may not be detected because the line-of-sight (LOS) between them and the radar is blocked.
Existing works attempt to employ the non-LOS multipath signals to sense the out-of-sight target, which, however,
is not applicable for our vibration monitoring scenario. Because the multipath signal is much weaker than the LOS
signal, making it difficult to be captured by the mmWave radar. In addition, current mmWave radar’s antennas
are inherently directional, which fail to monitor points in all directions. To this end, to fully cover the vibration
points located at different positions and sides on the structure, we may deploy multiple (i.e., 2-4) mmWave radars
to capture the signals reflected from the corresponding vibration points.

8 CONCLUSION
In this paper, we present the Multi-Vib system for multi-point vibration monitoring using the commercial
mmWave radar. The system provides a cost-effective, passive, and precise approach for monitoring multiple
points’ vibration simultaneously. The novelty of Multi-Vib lies in designing the marker from the retro-reflective
trihedral reflector. With the help of our vibration markers, we can achieve accurate and explicit detection of
multiple vibration points. Then, we propose a series of radar signal processing methods, including null steering
and antenna array permutation, to denoise the radar signal phase for an accurate estimation of the vibration
displacement. Through extensive evaluation experiments, the Multi-Vib system shows high accuracy in vibration
frequency and displacement p-p value estimation. In the meantime, our system can be effectively applied to
monitor real-world machines and civil structures.
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A CALCULATING THE NEW STEERING VECTOR FOR NULL STEERING
In this appendix, we derive the solution for the optimization problem in Eq. (6), with one and two interfering
markers in the same range bin as representative examples. One can acquire the solution for more number of
interfering markers following the same solution idea.
For one interfering marker with AOA of 𝜙𝑛1 , we first formulate a function 𝑓 (𝑤𝑑 ,𝑤

𝐻
𝑑
) by combining the

objective function and constrain using a Lagrange multiplier constraint variable 𝛾 as follows1:
𝑓 (𝑤𝑑 ,𝑤

𝐻
𝑑
) = [𝑤𝑑 −𝑤 (𝜙𝑡 )]𝐻 · [𝑤𝑑 −𝑤 (𝜙𝑡 )] + 2𝑅𝑒{𝑤𝐻

𝑑
·𝑤 (𝜙𝑛1 ) · 𝛾}

= [𝑤𝑑 −𝑤 (𝜙𝑡 )]𝐻 · [𝑤𝑑 −𝑤 (𝜙𝑡 )] +𝑤𝐻
𝑑
·𝑤 (𝜙𝑛1 ) · 𝛾 +𝑤 (𝜙𝑛1 )𝐻 ·𝑤𝑑 · 𝛾∗ (10)

Then, we take the gradient of 𝑓 (𝑤𝑑 ,𝑤
𝐻
𝑑
) with respect to𝑤𝐻

𝑑
and set it to zero, i.e., ∇𝑤𝐻

𝑑
𝑓 = 0. Note that𝑤𝐻

𝑑
and

𝑤𝑑 are independent when taking the gradient.
∇𝑤𝐻

𝑑
𝑓 = 𝑤𝑑 −𝑤 (𝜙𝑡 ) +𝑤 (𝜙𝑛1 ) · 𝛾 = 0
∴ 𝑤𝑑 = 𝑤 (𝜙𝑡 ) − 𝛾 ·𝑤 (𝜙𝑛1 ) (11)

Taking the above result of𝑤𝑑 into the constraint𝑤𝐻
𝑑
·𝑤 (𝜙𝑛1 ) = 0, we can get equations as below:

[𝑤 (𝜙𝑡 ) − 𝛾 ·𝑤 (𝜙𝑛1 )]𝐻 ·𝑤 (𝜙𝑛1 ) = 0
[𝑤 (𝜙𝑡 )𝐻 − 𝛾∗ ·𝑤 (𝜙𝑛1 )𝐻 ] ·𝑤 (𝜙𝑛1 ) = 0

𝑤 (𝜙𝑡 )𝐻 ·𝑤 (𝜙𝑛1 ) = 𝛾∗ ·𝑤 (𝜙𝑛1 )𝐻 ·𝑤 (𝜙𝑛1 )

𝛾 =
𝑤 (𝜙𝑛1 )𝐻 ·𝑤 (𝜙𝑡 )
𝑤 (𝜙𝑛1 )𝐻 ·𝑤 (𝜙𝑛1 )

(12)

Finally, by applying 𝛾 into𝑤𝑑 = 𝑤 (𝜙𝑡 ) − 𝛾 ·𝑤 (𝜙𝑛1 ), we can obtain:

𝑤𝑑 = 𝑤 (𝜙𝑡 ) −
𝑤 (𝜙𝑛1 ) ·𝑤 (𝜙𝑛1 )𝐻

𝑤 (𝜙𝑛1 )𝐻 ·𝑤 (𝜙𝑛1 )
·𝑤 (𝜙𝑡 ) (13)

Similarly, for two interfering markers with AOA of 𝜙𝑛1 and 𝜙𝑛2 , respectively, 𝑓 (𝑤𝑑 ,𝑤
𝐻
𝑑
) is formulated with

two Lagrange multiplier constraint variables 𝛾 and 𝜖 as follows:
𝑓 (𝑤𝑑 ,𝑤

𝐻
𝑑
) = [𝑤𝑑 −𝑤 (𝜙𝑡 )]𝐻 · [𝑤𝑑 −𝑤 (𝜙𝑡 )] + 2𝑅𝑒{𝑤𝐻

𝑑
·𝑤 (𝜙𝑛1 ) · 𝛾} + 2𝑅𝑒{𝑤𝐻

𝑑
·𝑤 (𝜙𝑛2 ) · 𝜖} (14)

1The variable 𝛾 can be a complex number, thus we take the real part of 𝑤𝐻
𝑑

· 𝑤 (𝜙𝑛1 ) · 𝛾 .
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Accordingly, the gradient of 𝑓 (𝑤𝑑 ,𝑤
𝐻
𝑑
) with respect to𝑤𝐻

𝑑
is:

∇𝑤𝐻
𝑑
𝑓 = 𝑤𝑑 −𝑤 (𝜙𝑡 ) +𝑤 (𝜙𝑛1 ) · 𝛾 +𝑤 (𝜙𝑛2 ) · 𝜖 = 0
∴ 𝑤𝑑 = 𝑤 (𝜙𝑡 ) − 𝛾 ·𝑤 (𝜙𝑛1 ) − 𝜖 ·𝑤 (𝜙𝑛2 ) (15)

Then,𝑤𝑑 is substituted into the two constrains𝑤𝐻
𝑑
·𝑤 (𝜙𝑛1 ) = 0 and𝑤𝐻

𝑑
·𝑤 (𝜙𝑛2 ) = 0, from which we can obtain

the expression of 𝛾 and 𝜖 as:

𝛾 =
𝑤 (𝜙𝑛2 )𝐻 · (1 −𝐴)𝐻 ·𝑤 (𝜙𝑡 )
𝑤 (𝜙𝑛2 )𝐻 · (1 −𝐴) ·𝑤 (𝜙𝑛2 )

, 𝜖 =
𝑤 (𝜙𝑛2 )𝐻 · (1 − 𝐵)𝐻 ·𝑤 (𝜙𝑡 )
𝑤 (𝜙𝑛2 )𝐻 · (1 − 𝐵) ·𝑤 (𝜙𝑛2 )

, (16)

where 𝐴 =
𝑤 (𝜙𝑛1 ) ·𝑤 (𝜙𝑛2 )

𝐻

𝑤 (𝜙𝑛2 )𝐻 ·𝑤 (𝜙𝑛1 )
, 𝐵 =

𝑤 (𝜙𝑛1 ) ·𝑤 (𝜙𝑛1 )
𝐻

𝑤 (𝜙𝑛1 )𝐻 ·𝑤 (𝜙𝑛1 )
. Finally, with 𝛾 and 𝜖 acquired, we can calculate𝑤𝑑 as:

𝑤𝑑 = 𝑤 (𝜙𝑡 ) −
𝑤 (𝜙𝑛2 )𝐻 · (1 −𝐴)𝐻 ·𝑤 (𝜙𝑡 )
𝑤 (𝜙𝑛2 )𝐻 · (1 −𝐴) ·𝑤 (𝜙𝑛2 )

·𝑤 (𝜙𝑛1 ) −
𝑤 (𝜙𝑛2 )𝐻 · (1 − 𝐵)𝐻 ·𝑤 (𝜙𝑡 )
𝑤 (𝜙𝑛2 )𝐻 · (1 − 𝐵) ·𝑤 (𝜙𝑛2 )

·𝑤 (𝜙𝑛2 ) (17)

Theoretically, we can import more Lagrange multiplier variables for more number of markers in the same range
bin. While in practice, the common cases mainly involve 1-3 markers in a single bin. Thus, the solutions to one
and two interfering markers can tackle most of cases.
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